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ON SPATIAL QUATERNIONIC SMARANDACHE RULED 
SURFACES 


KEMAL EREN*, ABDUSSAMET CALISKAN, AND SULEYMAN SENYURT 


Abstract. In this paper, we investigate the spatial quaternionic expres- 
sions of the ruled surfaces whose base curves are formed by the Smaran- 
dache curve. Moreover, we formulate the striction curves and dralls of 
these surfaces. If the quaternionic Smarandache ruled surfaces are closed, 
the pitches and angle of pitches are interpreted. Finally, we calculate the 
integral invariants of these surfaces using quaternionic formulas. 


1. Introduction 


The concept of quaternions was introduced in 1843 by the Irish mathemati- 
cian William Rowan Hamilton. The quaternions have applications in many 
disciplines. Some of these are computer graphics, the development of vision 
devices, robot kinematics, control theory, quantum theory, molecular dynam- 
ics, animation representations, and navigation devices [7, 8, 16, 5, 6]. New 
interpretations have been made using quaternions in the theory of curves and 
surfaces. Bharathi and Nagaraj expressed the Serenet-Ferret invariants of any 
curve using quaternions in 1987 [1]. Chen and Lie reached new results by mak- 
ing correlations between quaternionic transformations and minimal surfaces in 
2005 [4]. In addition, Cetin and Kocayigit investigated the Serret-Frenet for- 
mulas of Samarandache curves in terms of quaternions [3]. Senyurt and Eren 
investigate special Smarandache curves created by the Frenet vectors of space- 
like anti-Salkowski curve with a spacelike principal normal [15]. Oztiirk et al. 
introduce Smarandache curves of an affine C™ curve in affine 3-space. Besides, 
they calculate the relationship between the Frenet frames of the curve couple 
and the Frenet invariants of each derived curve [11]. 

Ruled surfaces are surfaces that can be generated by moving a straight line 
along a curve. There have been numerous studies conducted in various spaces 
and frames. The authors introduce the concept of partner-ruled surfaces, de- 
fined in the Flc frame on a polynomial curve. They investigate the requirements 
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for two of these surfaces to be simultaneously developable and minimal. Ad- 
ditionally, they examine the geodesic, asymptotic, and curvature lines of the 
parameter curves in the partner-ruled surfaces [9]. In [10], they present a new 
approach to understanding the geometric characteristics and local singularities 
of time-like surfaces. The method is based on the introduction of the geomet- 
ric invariant, which allows us to derive necessary and sufficient conditions for a 
time-like surface to be a time-like developable ruled surface. They then use sin- 
gularity theory to classify the singularities of this surface, providing a complete 
characterization of its geometric features. Senyurt and Caliskan investigate the 
ruled surface with the theory of quaternion. They express integral invariants 
and calculate the ruled surfaces drawn by Frenet vectors belonging to spatial 
quaternionic curves [14]. In [2], the author analyzes the quaternionic ruled sur- 
faces according to the alternative frame. Ouarab demonstrates a new method 
for constructing special ruled surfaces and investigates their minimalist and 
developability properties. The author introduces the concept of Smarandache 
ruled surfaces, which are defined based on the Darboux frame of a curve on a 
regular surface. The paper also presents theorems that provide sufficient and 
necessary conditions for these surfaces to be minimal and developable. Further- 
more, the authors examine Smarandache ruled surfaces in terms of alternative 
frame [12, 13]. 

In Section 2, we present the geometric preliminaries regarding the basic 
problem of the paper mentioned in the introduction. In Section 3, we define 
these surfaces using quaternionic Smarandache curves as base curves and Frenet 
vectors as their directives. Moreover, we calculate the striction curves, dralls, 
pitches, and angle of pitches for these surfaces. Finally, we exemplify the 
findings. 


2. Preliminaries 


In this section, we show the notions of the quaternions and the spatial 
quaternionic curves. We demonstrate the definitions of quaternionic Smaran- 
dache curves and we investigate the Frenet-Serret invariants of these curves. 


2.1. Quaternions and quatenionic ruled surface 


The real quaternion q is expressed as the sum of a scalar Sg = qo and a 
vector Vy = qié1 + qz2e2 + g3e3 such that 


d= do + M1€1 + G2e2 + 9363, 


where the set {e;| 1 <i < 3} is the standard orthonormal basis set. The com- 
ponents go, g1, g2 and q3 are real numbers, and e;, (1 <7 <3) are quater- 
nionic units that satisfy the non-commutative multiplication rules 

e; X €j = Ce = —e; X ej and e; x e; = —1 for all 1 < 2,7 < 3. The complex 
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conjugate g is defined by 
G = Sq — Vq = Go — G11 — G2€2 — 9363. 
Let Q denote the set of quaternions. The quaternion inner product is defined 
by the following real-valued, symmetric, and bilinear form: 
h:QxQ-R 
(1) 


(p.4) + h(p.0) = 5 (Px a+ axD). 


For p= S,+ Vp and q = Sq + Vg, the quaternionic product is defined by 
DX ¢ = SpSq + SpVq + SqVp — (Vp, Va) + Vp A Va, 


where (,) and A denote the inner product and cross product in R® and thus, 
the spatial quaternionic cross product obtains as 


px q=—(Vp, Vq) + Vp A Va- 


The norm of a quaternion q is 


2 ee 
oq) =h(4,94) =9X G=4X 4 =) +47 4+ @? +437. 

Since p(q) = 1, the quaternion g is called unit quaternion. The inverse of the 
quaternion q is given by 7 

gt=—4 

p(q) 

The space of the spatial quaternions is classified by {q € Q|q +9 = 0} where 
Q denotes quaternion set [1, 6]. 


Definition 2.1. [1] The spatial quaternionic curve a is defined by 
a:ICR-Q, 


3 
s >a(s) = ar (s) e; 


where I = [0,1] is an interval in real line R and s € [0,1] is the arc-length 
parameter. 


Theorem 2.2. [1] Let a be a spatial quaternionic curve with the arc-length 
parameter s and be non-zero curvatures {k,7}, and Frenet frame {t,n, b} of the 
quaternionic curve a. Then the Serret-Frenet formulae of the spatial quater- 
nionic curve a at a point a(s) are 


t 0 kK O t 
n =|-k O Ff n 
b 0 —r 0 b 


such that 
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where the vectors t,n and b are unit tangent, unit principal normal, and unit 
binormal vectors of the spatial quaternionic curve a, respectively. 


Lemma 2.3. [14] The drall and the striction curve of the quaternionic ruled 
surface drawn by arbitrary vector X are respectively given by 


1(X x X") x a’ +! x (X x X") 


2 Pe 
eo 2 p(X')” 


1X’xt+tx XxX’ 


(3) (3) =a(8)- 5 


Definition 2.4. [14] For given closed spatial quaternionic ruled surface, the 
magnitude of |, = $ h(da,X) is called the pitch of this surface. 


Theorem 2.5. [14] Let D be Steiner rotation vector and V be Steiner trans- 
lation vector. The angle of pitch and the pitch of the closed spatial quaternionic 
ruled surface, x andl, are equal to A, =h(D,X) andl, =h(V,X). 


2.2. Quaternionic Smarandache curves 


Definition 2.6. [3] Let a = a(s) be a spatial quaternion curve and {t, n, b} 
be Frenet-Serret vectors. The spatial quaternionic tn—Smarandache curves 
with the arc-length parameter s* are defined by 


1 
V2 


The Frenet-Serret invariants of the spatial quaternionic tn—Smarandache 
curves are 


Bi (s* (8)) = 5 (t(s) + n(s)). 


nr t+ «n+ 7b) 
repre al kn +b), 
a = = (ait + aan + a3b), 
Vat +azt+ az 
1 
BY = bit + ban + b3b) , 
a reer Mr rary rar ) 
41 — V2\/a? + a3 + a2 
: (262 +72)?” 
ete: V2 ((K’ +47) (Ke3 — Te2) + (K? — wh! +77) (Keg + Te1) +k (KT +7’) (C1 + €2)) 
2 


(2hK/ + rr)? + (2627 + KT! — KIT + 73)? + (KT! — KIT)? + (263 + KT)? 
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where 
4 12 Die , 
a, = —2k KT KT +4KTT, 
4 Cio Taree ee 2 , 
a2 2k BK T + KT T KTT , 
3 2. 3 ! 
a3 = 246°7T+2K°7T + KT 2KK T, 
b1 = Ka3 — Taa2, 
be = Ka3 + Ta1, 
bg = —K (a1 +42), 
" , 3 2 
C1 K 3KK +h +47, 
/ 3 / uM 2 
c2 = -—3KK —K -—3TT +K — KT, 
2 , 3 , ” 
c3 = -KT+2K7T-T +47 47. 


Definition 2.7. [3] Let a = a(s) be a spatial quaternion curve and {t,n, b} 
be Frenet-Serret vectors. The spatial quaternionic th—Smarandache curves with the 
arc-length parameter s* are defined by 


. eae 8 8 
Ba (s (3) =F ) + b(s)). 


The Frenet-Serret invariants of the spatial quaternionic thb—Smarandache curves 
are 


T? =n, 
N82 = 1 t+rb 
T2Ee K + Tb), 
1 
Be — (rt + Kb), 


? (K 7)? (16! ry? + (K27 — 2Kr? 4 73)? + (—2K?7 + Kr? 4 K3)?” 
482 - V2/K2 +7? 
LoS ’ 

K—-T 


where 


dy = —3KK) + 7 + 2K, 


ae Lote | 
do K4+K THK T KT +7", 


d3 = 2«'r — 3r7' + 7’. 


Definition 2.8. [3] Let a = a(s) be a spatial quaternion curve and {t,n,b} 
be Frenet-Serret vectors. The spatial quaternionic nb—Smarandache curves with the 
arc-length parameter s* are defined by 


i ante 8 
3 (s (=! (s) + b(s)). 
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The Frenet-Serret invariants of the spatial quaternionic nb—Smarandache curves 


pes — as | kt —Tn +7), 
1 
NPS = (fit + fon + fsb), 
Vit tft fs 
1 
Be (git + gon + gab), 
Var + 27? /fP + fF + f3 
poo — M2V ART 2 + 8 
: («2 + 272)? 
pfs — V2 ((—K'r + K77) (ho + hs) + (K? +7/ +77) (Kh3 + Thi) — (7? — 7’) (Kh2 — Th1)) 
(KK! 4 Qrr')? + (K27 4 273)? t (KT! KIT)” F (K3 + 7! + QK7? KIT)? , 
where 

fi= Ker — 2Qk/ 7? + 2K7? 4 QKTT', 
fe= Kt — Ker! — 3x27? — 277 } KK’T, 
fa = Ker? + 27! — 274 KK'T, 
gn =—T (fs + fe), 
g2 =Kfs+Thi, 
93 = —Kfa +h, 
hy =—K te rt 2QKr t+ KT’, 
ha = —3KK! 4 Ker — 7" — Br’ } r, 
hg = —K?r — 8r7r’ — 73 +7”. 


3. Spatial Quaternionic Smarandache Ruled Surfaces 


In this section, we define ruled surfaces whose base curves are called Smarandache 
curves. Moreover, we express the notions of the drall, striction curve, the pitch and 
angle of pitch. Finally, we calculate integral invariants, and we find some interesting 
results. 


Definition 3.1. Let a = a(s) be a unit speed spatial quaternionic curve and 
{t,n,b} be Frenet-Serret vectors. The ruled surfaces generated by the spatial quater- 
nionic Smarandache curves are defined as follows: 


1 (5,0) = (Us) +n (s)) +0b(0), 
(5,0) = (t(s) +(s)) un (s), 
Sew SO Lbe ewe: 


These ruled surfaces are called spatial quaternionic tn—Smarandache ruled surface, 
spatial quaternionic th—Smarandache ruled surface and spatial quaternionic nb—Smarandache 
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ruled surface, respectively. 


Theorem 3.2. Let ®1, ®2, and ®3 be spatial quaternionic Smarandache ruled 
surfaces, then the striction curves rg,, Te, and rg, of ®1, 2 and &3 are 


K 


T3, = b, 
eam RR ye rer 
T Bo = Ba, 

res = B34 if t 
a ae? bor” 


respectively, where sk £0 andr #0. 


Proof. Let a = a(s) be a unit speed spatial quaternion curve with the Frenet vec- 
tors {t, n, b} and the Smarandache curves (31, 32, 83 of the spatial quaternion curve a. 
By using the quaternionic inner product, the striction curve of the spatial quaternionic 
ruled surface ®; can be written by 


4 (xT +7 x b’) 
p(b')” h (b/, 0’) 


Tp, Br 


Substituting b’ = rn and using the complex conjugate of a quaternion, we arrive at 


a (r(nxP%) +7 (P% xn)), 


[By Bi 7 


Considering the spatial quaternion, the striction curve is 
K 


b. 
VIR ET? 


If the equation (1), the Frenet invariants and spatial quaternions are used, the striction 
curves of the ruled surfaces 62, 3 are found 


re, = Bit 


h (n’, T°) 3 (n’ x T° +7 x n’) 
a a hn n?) 
4 (—K (t x T9) +7 (bx T%) — « (T x t) +7 (T™ x b)) 
= Be4 24 n 
= Bo 
and 
h(t’, 78 L(t! x Ts + 73 x # 
rps = G3 ( say? a <a ) 
p(t’) (t,t) 
4 (k(n x T°) + 6 (TS x t)) 
Bs mo) t 
= Bs + . 


t. 
KV K2 + 27? 
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Theorem 3.3. Let ®,, ®2, and ®3 be spatial quaternionic Smarandache ruled 
surfaces, then the dralls of the closed spatial quaternionic Smarandache ruled surfaces 
are 


TK 
P3, = —————., 
M1 TOK? + 7? 
Ps, = 0, 
F 
Pe, = 


KVR $2 


respectively, where k #0 and tT #0. 


Proof. Let a = a(s) be a unit speed spatial quaternion curve with the Frenet vec- 
tors {t,n, b} and the Smarandache curves (31, 32, 83 of the spatial quaternion curve a. 
According to Lemma 2.3. and quaternionic inner product, the dralls of the closed spa- 
tial quaternionic Smarandache ruled surface ®; drawn by the motion of the binormal 
vector b is given by 


_ 10x b') x BY +B, x (0x) 
p(y!) 


Using the Frenet invariants and the spatial quaternions, we recompute for drall as 
follows: 


Pa, 


1(bx 0) x T8147 x (bx b') 


ame h(v’,b’) 
1 (bx (—rn)) x T8 + T x (b x (—Tn)) 
(', 0’) 


(t x t) (t x n) 


aa tx) 


(n x t)4 as Ox) 


K 
+ 
V2K?2 +7? 
(t x t) 


—K 
ete = ee 
(<3 +7? 


-K K 
+r ( —* + 
_il (a3 +7? V2K2 + 7? 

2 7? 
7 -K 


VIR ET? 


In similar way, we determine the dralls Ps, and Ps, of the surfaces ®2 and ®3 as 


1(nx n’) x Bg + Bg x (nx n’) 


Pas = 5 p(b’)2 
1 (nx (—«t + 7b)) x T8? + TP? x (n x (—Kt + 7b)) 
=~9 (’, b’) 
1K (bx T%) +7 (tx T) +6 (T% x b) +7 (T” x t) 
2 K2 472 
Lle(bxn)+r(txn)+K(n x b)+7(nx t) 
=o K2 +7? 
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and 
1(t xt’) x B’, +B’, x (Ex t’) 
Fas = 5 2 
p(t’) 
1 (t x (Kn)) x T83 + T%3 x (t x (Kn)) 
(i,t) 
—K ce T 
bxt bx n) + ——— _ (bx b 
(gO See eee 
‘ P(t x b) 7 (n x b) + —~L— (bx) 
1 VK? + 27? V2 + 27? VK? + 27? 
2 K 
_ T 
k/K2 + 27? 


Corollary 3.4. Let ®;, ®2, and ®3 be spatial quaternionic Smarandache ruled 
surfaces, then the following expressions exist: 


(i) The quaternionic Smarandache ruled surface ®, is not developable, 
(ii) Since the drall of ®2 is zero, the quaternionic Smarandache ruled surface ®2 
is developable, 
(iii) The quaternionic Smarandache ruled surface ®3 is developable if and only if 
the base curve of ®3 is planar. 


Theorem 3.5. Let ®,, ®2, and ®3 be spatial quaternionic Smarandache ruled 
surfaces, then the angles of pitch of the closed spatial quaternionic Smarandache ruled 
surfaces are 


Ses kote +f ke bs 
a V2K2 +7? Vin? +72 \/a2 + a2 + a2 


ABs = f ke, 


B3 
Abe ua as 


fief 
VP HIP SF VP FIP PT BT HS 


respectively. 


Proof. Let a = a(s) be a unit speed spatial quaternion curve with the Frenet 
vectors {t,n, b} and the Smarandache curves (1, 32, 63 of the spatial quaternion curve 
a. Taking into consideration Steiner vector d® = fw®! = §T°k3! + Bk? the 
angle of pitch of the closed spatial quaternionic ruled surface Ag, of the surfaces ®1 
is written by 


Nes =h (a,b) = 5 (a xb+bx a) =-5 (a* xb+bxd). 


Using the Frenet invariants and the spatial quaternions, we calculate the angle of the 
pitch as follows: 
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ra = —3 (fue cee x b) + 6 kp (Be x b) +f hE (b xr) + 6 kf (b x B*)) 


kee 
Faas (C(EX B) +m (nx) +7 (0x d)) 
kes 
| bi (t x b) + bz (n x b) + b3 (bx b 
| +P RTT Ot bale tbo Ox) 
= 59 RP 
| 2 
area? K(bxt)+K(bx n)+7 (bx b)) 
es 
3 by (bx t) + be (b x n) + bs (b x b 
t yes ee ) + ba ( ) + bs ( )) 
-¢ kBir i kbs 
V2 +7? J On? +77 Jai +03 +03 


Considering d® = § w®? = § T92kf?+ Bk? and d*3 = ¢ ws = § T3k3 4 Bs kes, 
we can write the angles of the pitch Ag,, As, the ruled surfaces ®2, &3 respectively, 


As =h(a”,n) = ; (a xti+nx @) =-5 (a xn+n xd) 
--} (f we (TD xn) + f HE (B xn) + f REE (n xT) + f RIM nx B**)) 


kg2 a? t b 
; $ 5? (nx n)+ Tega xn) +K«(bx n)) 


kP2 
ae poets Se 
VK2+ 7? 


+ KE (nxn) (7 (n x t) +&(n x b)) 


= pp 


and 


Bes =h(a*,1) SEA xt+tx a’) =-5 (a° xt+tx as) 


- -; (f Kes (P84) + 6 kp (B’s x t) + 6 kp (tx T°?) + 6 kp (t x B*)) 


tg CED rin Hr xd) 
_ J $e (0 0 lx + 0400) 
3 Pg (Onl xt) 1 tn) +r (E xd) 
fe ap lo Cx + 00 00) + 08(09) 


_ f zh f ky gn 
Va +272 IS VeP 4277 /fP + f+ PP 
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Theorem 3.6. Let ©, &2, and ®3 be spatial quaternion Smarandache ruled sur- 
faces, then the pitches of the closed spatial quaternionic Smarandache ruled surfaces 
are 


- 
ls, = ¢ ———_ds, 
a f Jon? + 72 
Io = f as, 


K 
l ds, 
ie f VK2 + 272 


respectively. 


Proof. Let a = a(s) be a unit speed spatial quaternion curve with the Frenet vec- 
tors {t,n, b} and the Smarandache curves (31, 32, 83 of the spatial quaternion curve a. 
For V = § dpi = § T* ds, the pitch lg, of the closed spatial quaternionic Smaran- 
dache ruled surface ®, is written by 


i h(V*,b) =h (f r%as,s) 


If we substitute the values in the above equation, the pitch Ig, of the closed spatial 
quaternionic ruled surface ®; is 


on 5 (f eae x Dds +p (vx 7) ds) 
-5 (f (Gag x b) as+ (ox 7) ds) 


(—K (t x b) + (nx b) +7 (bx b))ds 


1 
2 {rae 


2 1 
tf as | K(bx t)+«(bxn)+7 (bx b)) ds 


o 
———ds. 
f Vint +72 


For V2 = § dbo = $ T"2ds and V" = § dB3 = $ T"*ds, we can write the pitches Ig, 
and lg, of the closed spatial quaternionic ruled surfaces ®2 and ®2 as follows: 


ih (v",0) =) (f r%as,n) 

5 (f(r xa)as+ f (nx T*)as) 
-; (f (oe x n) as+ (nx T*) ds) 
-; (f (nx mas+ f (nx nas) 

= pas 
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and 


leg =h (v*,t) =h (f r%as.r) 


1 
ee § FS CAF (nxt) + 7d tas 


~ 92 1 
+ 6 
(== 
K 
= ¢ ds 
VK2 + 2r? 


(—K (tx t)-—7 (tx n) +7 (tx b))ds 


Example 3.7. Let us consider a spatial quaternionic curve given by the para- 
metric equation 


sin (3s) —2cos ) 
9 ? V3 ; 


The quaternionic Smarandache curves constructed by the Frenet vectors of the spatial 
quaternionic curve @ are 


V/3 (cos (s) + cos (3s)) + cos (s) (3sin (s) + sin (3s)) 


i (s* (@)) = pene) | 
cos (s)* — V3cos (s) sin(s) 1/1 + cos (2s) sec (s) + V6sin (s) 
Va 4 
2.cos (s) cos (2s) — 3sin (s) — sin (3s) cos (s)® + sin (s)? 
Ba (8° (s)) = tye M2 , 
6 (cos (s) + sin (s)) 
4 


cos (s) (—3 cos (s) + 2/3 cos (28) + cos (38)) 
4,/1 + cos (2s) ; 
Bs (s* (s)) = | £98 (s) sin (s) (—V3 + sin (s) tan (s)) 
V2 ) 
1 + cos (2s) (V3 + sec (s)) 
4 
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and the spatial quaternionic Smarandache ruled surfaces are found as 


V/3 (cos (s) + cos (3s)) + cos (s) (3 sin (s) + sin (3s)) 


44/2 cos (s) 
3 : 
®, (s,v) = uv cos (s) - + cos (2s)) 2.cos (s) a sin (2s) evan (ay: | 
J/2+4+ V6 sin (s) + 2V/3u cos (s) 
4 
2cos (s) cos (2s) — 3sin(s) —sin(3s) — V3v (cos (s) + cos (38)) 
igs 4/2 4 cos (s) ; 
, V2 (cos (s)® + sin (s)°) — V3vsin (2s) V6 (cos (s) + sin (s)) + 2v 
4 , 4 
(—3 cos (s) + 2V3 cos (2s) + cos (38)) _ v(—8sin (s) — sin (38)) 
AV/2 | 4 
SG ae | = sin (2s) A (s) tan (s)) ee 
V2 (V3 cos (s) + 1) + 2V3vsin (s) 
4 
(A) The (B) The (Cc) The 
surface surface surface 
®, (s, v) Po (s, v) ®3 (s, v) 
and the and the and the 
curve By curve B2 curve 33 


FIGURE 1. The spatial quaternionic Smarandache ruled sur- 
faces (top view) and the quaternionic Smarandache curve (yel- 
low) with s € [—0.5, 1.5] and v € [-1, ]] 
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4. Conclusion 


In this paper, we derive the spatial quaternionic Smarandache ruled surfaces and 
the striction curves and dralls of these surfaces are calculated. The conditions of these 
ruled surfaces to be developable are investigated. If the quaternionic Smarandache 
ruled surfaces are closed, the pitches and angle of pitches are constructed. The 
integral invariants of these surfaces, whose base curves are formed by the quaternionic 
Smarandache curve, are calculated using quaternionic formulas. 
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